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Abstract
Recent results demonstrate that inducing an abstract representation of target analogs at retrieval time aids access to analogous 
situations with mismatching surface features (i.e., the late abstraction principle). A limitation of current implementations of 
this principle is that they either require the external provision of target-specific information or demand very high intellectual 
effort. Experiment 1 demonstrated that constructing an idealized situation model of a target problem increases the rate of 
correct solutions compared with constructing either concrete simulations or no simulations. Experiment 2 confirmed that 
these results were based on an advantage for accessing the base analog, and not merely an advantage of idealized simulations 
for understanding the target problem in its own terms. This target idealization strategy has broader applicability than prior 
interventions based on the late abstraction principle because it can be achieved by a greater proportion of participants and 
without the need to receive target-specific information. We present a computational model, SampComp, that predicts success-
ful retrieval of a stored situation to understand a target based on the overlap of a random, but potentially biased, sample of 
features from each. SampComp is able to account for the relative benefits of base and target idealization, and their interaction.
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A central aim of instruction is for learners to be able to apply 
their knowledge to contents and contexts different from 
those of the initial encoding (Barnett & Ceci, 2002; Day & 
Goldstone, 2012). As claimed by educators for almost a cen-
tury, much of the knowledge that students acquire appears to 
remain “inert” in memory, thus failing to subserve current 
challenges and objectives (i.e., the inert knowledge problem; 
Whitehead, 1929).

Drawing an analogy involves recognizing that elements 
of two situations are organized by a similar structure of 
relations and roles (Gentner, 1983; Gentner & Markman, 
1997). Analogical reasoning represents a powerful heuris-
tic for problem solving. By matching an unsolved problem 

(the target analog) to a stored situation whose solution is 
known (the base analog), the base solution can be tenta-
tively transferred to the target problem. A wealth of studies 
document that the mapping process can be easily computed 
irrespective of whether the constituent elements of one of 
the situations are semantically similar to those of the other 
(i.e., surface similarity). As an example, an algebra prob-
lem asking for the time that two dogs would take to finish a 
shared bag of food based on the times that each one would 
take to finish it on its own can easily be solved by analogy 
to a prior problem wherein two pipes of different size jointly 
filled a tank of water. Even though surface mismatches are 
seldom an issue when students are hinted about the specific 
base problem that can aid in solving the current situation, 
they pose a nontrivial challenge when students are expected 
to retrieve a stored item without such a hint (Gick & Holy-
oak, 1980; Keane, 1987; Trench & Minervino, 2015; see 
Trench & Minervino, 2020, for a review).

Explanations of these shortcomings of our retrieval 
systems range from the computational to the evolution-
ary. In terms of computation, it has been claimed that the 
possibility of attempting full structural matches between a 
target situation and all situations stored in long-term mem-
ory is computationally unrealistic (Forbus et al., 1995). In 
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terms of adaptation, it has been claimed that in the Pleis-
tocene environment in which our ancestors evolved, sur-
face features tended to correlate with deeper, unobservable 
features (the kind-world hypothesis). As stated by Gentner 
et al. (1993), “If something looks like a tiger, it probably is 
a tiger” (p. 567). Hence, the cortical mechanisms capable 
of unveiling deep parallels between superficially dissimilar 
situations might be running on the output of memory sys-
tems geared to favor the retrieval of literally similar items, 
whose greater inferential power was critical for survival. 
Albeit justified in terms of adaptation, this surface-level 
bias of our retrieval mechanisms might be at the root of 
educators’ long-lasting concern about students’ difficulties 
in applying their knowledge to contents and in contexts 
different from those of the initial encoding.

Since Gick and Holyoak’s (1980) seminal demonstra-
tion of students’ failure to spontaneously retrieve distant 
analogs from memory, a considerable body of research has 
sought to enhance spontaneous retrieval by means of pro-
moting a more abstract encoding of the learned situations, 
so as to render them more accessible during later encoun-
ters with analogous situations lacking surface similarities 
with the base analogs. Two successful interventions have 
consisted in presenting the base analog together with its 
abstract schema (Goldstone & Wilensky, 2008) or with 
a second analogous situation (Catrambone & Holyoak, 
1989), and asking participants to compare them. More 
stripped-down interventions have included asking par-
ticipants to discuss the base analog with another student 
(Schwartz, 1995), to explain the problem to themselves 
(Ahn et al., 1992), or to construct a structurally equiva-
lent problem (Bernardo, 2001). For those environments 
where it is impossible to have students elaborate on the 
base situations, transfer advantages can still be obtained 
by means of replacing domain-specific terms of the base 
situation with domain-general ones (e.g., replacing “typ-
ing” by “writing”; Clement et al., 1994), by removing 
perceptually irrelevant information from the base analog 
(Goldstone & Sakamoto, 2003), and even by shifting from 
written to auditory format (Markman et al., 2007), which 
proved to elicit a focus on structural over superficial fea-
tures. What all of these interventions have in common 
is the highlighting of the abstract structure of the base 
analogs. When a related problem subsequently arises, 
it will have a stronger match with such stripped-down 
representations than it will with specific examples that 
have mismatching surface features. Hence, the removal of 
surface-level information from a thematically distant base 
analog increases its chances of being retrieved. Despite 
the relative success of these interventions, however, they 
cannot be applied to already learned situations or proce-
dures that had not been originally encoded in ways that 
highlighted their abstract structure.

The late abstraction principle

Gentner et al. (2004) reasoned that as retrieval depends on 
the degree of match between the stored items and the mem-
ory probe, the beneficial effect of relational schemas should 
also apply when elaborating on the target analog at retrieval 
time (the late analogical abstraction principle). The removal 
of surface-level information was hypothesized to increase 
distant retrieval in two ways: (1) by granting more weight to 
structural predicates due to the normalization of content vec-
tors, and (2) by reducing the unwanted activation of compet-
ing situations that maintain only superficial similarity with 
the target. To gather behavioral evidence for this theory-
laden prediction, Kurtz and Loewenstein (2007, Experiment 
1) assessed the effectiveness of an intervention that consisted 
in providing participants with a second unsolved problem 
that was isomorphic to the target problem to be solved, and 
asking them to compare both problems prior to attempting 
their solution. As was the case with the “base comparison” 
interventions, the abstraction process induced by this “tar-
get comparison” procedure resulted in enhanced transfer of 
the base solution as compared with the standard base-target 
paradigm. In subsequent work, Gentner et al. (2009) gen-
eralized the benefits of the target comparison strategy to 
autobiographical memories that were acquired several years 
prior to the experimental session. In a series of computer 
simulations, Gentner et al. (2009) fed MAC/FAC (Forbus 
et al., 1995) with either the original stories from Gentner 
et al. (1993) or with their respective abstract schemas, and 
had it run on a long-term memory comprising analogical 
matches, mere-appearance matches, and several filler sto-
ries. In line with the target-comparison studies, MAC/FAC 
retrieved more analogical matches when using the schemas 
rather than detailed stories as working memory cues. In the 
General Discussion, we develop an alternative modeling 
framework for understanding the effects of abstracting base 
situations in memory as well as new situations to be solved.

As suggested by the results of the target-comparison 
studies, the late analogical abstraction principle opens 
a promising avenue for retrieving base situations whose 
initial encoding was not especially engineered to high-
light their abstract properties, and which represent the 
vast majority of the situations we learn within and outside 
instructional settings. In contrast to the widespread poten-
tial applicability of the late analogical abstraction princi-
ple, however, the specific target-comparison intervention 
falls short of representing a generally applicable cognitive 
strategy because participants would need to depend on 
the external provision of a second analogous problem for 
every new target problem they are to solve.

With the aim of helping learners capitalize on late ana-
logical abstraction without needing to be provided with 
additional information about the target, Minervino et al. 
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(2017) demonstrated that analogical transfer from a dis-
tant base analog can be enhanced by asking participants 
to invent a new unsolved problem analogous to the target. 
Even though successful problem constructors were much 
more likely than unsuccessful constructors to transfer the 
base solution to the target problem, only a small propor-
tion of participants succeeded at fabricating an analo-
gous problem, an activity that seems to require a great 
deal of world-knowledge and above-average intellectual 
engagement.

In order to devise more widely applicable ways of capital-
izing on the late abstraction principle, in the present study 
we identified an easily executable strategy credited with hav-
ing enhanced the retrievability of base analogs during their 
initial encoding, and assessed whether its application to the 
target analog proves advantageous for retrieving analogous 
problems lacking surface similarities.

Concrete versus idealized representations

Goldstone and Sakamoto (2003) examined whether there 
was an effect of training with concrete versus idealized 
graphics on spontaneous transfer of a general principle 
called “competitive specialization.” Participants were trained 
with an Ants and Food simulation with concrete graphics 
(black ants and small fruit) or idealized elements (black 
dots and green blobs) as shown in Fig. 1. Afterwards they 
were asked to explore another instance of the competitive 
specialization principle in which initially undifferentiated 
matrices (e.g., sensors) progressively adapt to respond to a 
predefined set of letter inputs. Participants in the idealized 
condition displayed lower levels of comprehension of the 

base domain of ants and food, revealing a positive effect of 
concreteness on initial comprehension. Despite this initial 
disadvantage, however, participants in the idealized condi-
tion showed better spontaneous transfer to the Inputs and 
Sensors quiz than participants in the concrete condition. 
Other studies have found similar advantages of simplified 
and idealized materials over detailed and concrete materials 
for transfer of learning to new, dissimilar situations (Fyfe 
et al., 2014; Kaminski et al., 2008; McNeil & Fyfe, 2012; 
Thai et al., 2016). Idealizing graphical elements to deem-
phasize their specific situational features allows learners to 
better appreciate that the base and target situations share 
the same deep pattern. These results, combined with earlier 
reviewed findings, indicate that both perceptual idealization 
and conceptual abstraction can render base situations more 
easily retrievable during the later processing of analogous 
situations with which they do not share surface similarities.

In order to assess whether a comparable transfer advan-
tage can be obtained by inducing a more perceptually ide-
alized representation of the target analog at retrieval time, 
we first had three groups of participants learn how to solve 
a “collision” problem in which a plane and a helicopter 
travelled toward each other at different speeds. After a dis-
tracting task, participants were presented with a problem 
pertaining to a different family of algebra problems (i.e., 
“work problems”), but whose abstract structure was similar 
to that of the learned problem. In this problem, participants 
had to calculate the time that two painters would need to 
jointly paint a wall, given the times that each of them would 
have needed to paint it on his own. Before being asked to 
actually solve the problem, two of the groups were presented 
with a set of manipulatives and were tasked with enacting 
an approximate representation of the situation described by 
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Fig. 1  Snapshots of the experimental materials employed by Goldstone 
and Sakamoto (2003). Left panel: Concrete (top) versus idealized (bot-
tom) representations of the “ants and food” base analog. Right panel: 

The “Inputs and Sensors” scenario used as the target analog (an instan-
tiation of the competitive specialization principle bearing no surface 
similarities with the ants and food scenario). (Color figure online)
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the target problem as it unfolded from the initial moment 
until the moment when the painting was completed. These 
situation models (Kintsch & Greeno, 1985; Nathan et al., 
1992) consist in approximate qualitative representations of 
the real-world entities and interactions included in the prob-
lem text, but without regard to the precise quantities that are 
mentioned in the problem statement. While participants in 
the concrete condition received a realistic illustration of a 
horizontally laden wall and two smaller rectangles printed 
with drawings of painters, participants in the idealized con-
dition received similarly sized paper rectangles without any 
figurative illustrations.

Extending the late abstraction principle to the removal 
of surface-level perceptual information, we predicted that 
idealized enactments of the target problem would be more 
advantageous than realistic enactments for retrieving the 
base problem and its solution. In order to determine whether 
an eventual advantage of the idealized over concrete simula-
tions represented a potentially useful instructional interven-
tion (as opposed to reflecting a detrimental effect of concrete 
simulations), a third group learned the base situation but did 
not carry out any simulations of the target prior to solving it.

Experiment 1

Method

Participants and design A total of 90 participants (age M = 
19.53 SD = 1.55, 61% male) were recruited from the Depart-
ment of Psychological and Brain Sciences participants pool 
at Indiana University Bloomington. All participants signed 
an informed consent for participation in the study, and were 
compensated with course credit. An equal number of par-
ticipants (N = 30) were randomly assigned to the idealized, 
the concrete, and the no-simulation conditions.

Procedure and materials The experimental session was 
introduced to participants as dealing with the effectiveness 
of instructions for solving different kinds of algebra prob-
lems. Participants were told that for most of the problem 
types to be covered during the session, they would begin 

by trying to solve a problem of such type on their own, fol-
low by reading instructions on how to solve such problem, 
and finish by applying the learned strategy to a subsequent 
problem of the same type. Unbeknownst to participants, the 
first block served to encode a base analog and its solution, 
the third block was used as a test of whether participants 
spontaneously applied the base solution to a seemingly unre-
lated problem that admitted a similar solution strategy, and 
the middle block served to contextually separate the first and 
third blocks. Upon receiving a booklet containing the mate-
rials, they were told that they would be informed in advance 
how much time they would have for carrying out each of 
the tasks, and that they could only proceed to the following 
page of the booklet once the experimenter had notified them 
that the allotted time for the current activity had elapsed. 
Participants were also provided with a pencil, an eraser, and 
an electronic calculator. The session was administered in 
small groups ranging from one to ten, with each participant 
working individually.

During the first block of problems (i.e., the encoding 
phase), participants of all groups were presented with a typi-
cal “collision” problem, in which a plane and a helicopter 
initially located at two cities 2,000 miles apart started trav-
elling toward each other at different speeds (see Table 1). 
Participants were allotted 5 min to calculate the time the air-
crafts would need to pass next to each other. Once the allot-
ted time had elapsed, they were given 3 min to read a worked 
solution to such problem that included a standard illustration 
in which the plane and the helicopter were located at their 
respective Cities A and B, which were in turn connected by 
a straight horizontal line (see Appendix). Participants were 
given 4 more min to apply the learned strategy to a similar 
problem in which a helium balloon and an elevator located 
at the top versus bottom of a tall building begin travelling 
toward each other at different speeds (see Table 1). Given 
that achieving a basic understanding of the base problem 
and its solution represents a necessary prerequisite for sub-
sequent transfer to occur, participants who failed to apply 
the base solution to this second problem were withdrawn 
from further analysis.

The second block of problems had the same structure and 
time allowances as the encoding phase, with the difference 
that it involved learning and applying a simple procedure 

Table 1  Base and target problems used in Experiment 1

Base problem: A plane flies at 600 mph, while a helicopter flies at 100 mph. Imagine that the plane starts flying from City A to City B at the 
same time that the helicopter departs from City B to City A. How long will it take them to pass each other if the cities are 2,000 miles apart?

Base problem 2: While a helium balloon goes up at a speed of 2 feet per second, an external elevator travels at a rate of 4.5 feet per second. 
Suppose that the elevator starts descending from an altitude of 100 feet at the same moment that the balloon is freed from street level. How 
long will it take them to pass each other?

Target problem: Fred can paint an 18-foot wall in 8 hours, while Bob can paint such a wall in 5 hours. How long will it take them to paint such 
wall in case they painted it together?
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for solving combinatorics problems that were unrelated to 
the prior problems. It thus served as a contextual separation 
between the encoding and transfer phases.

The third section (i.e., the transfer phase) was presented 
to participants of all groups as dealing with “work” prob-
lems, and had a different structure than the two previous 
phases. For brevity, we begin by describing the procedure 
followed by the concrete simulation group, and proceed 
by describing how the other conditions differed from said 
condition.

Participants of the concrete simulation condition received 
a typical work problem in which they had to calculate the 
time that two painters would need to jointly paint a wall, 
given the times that each of them would have needed to 
paint it on his own (see Table 1). They were given 2 min 
to read the problem very carefully, but they were asked to 
refrain from attempting a solution until explicitly indicated 
by the experimenter. Right below the problem text, the page 
displayed a 6.37-in. × 1.84-in. illustration of a brick wall 
printed in greyscale. Upon receiving two small paper rec-
tangles each one illustrated with a figurative drawing of a 
painter (one grey and one black; see Fig. 2), participants 
were asked to take advantage of these manipulatives to carry 
out an approximate representation of how the painting of the 
wall unfolds over time, from the moment the painters start 
their job until the moment when it gets completed. In order 
to get a record of the specifics of each participant’s simula-
tion, the next page included three similar walls meant to 
represent three different snapshots of the dynamic simulation 

they had just performed. Upon receiving four additional 
paper painters (two grey and two black) and a glue stick, 
they were allotted 2 min to produce a record of the simula-
tion they had just performed by means of sticking two paint-
ers onto each wall in a manner faithful to the locations of 
each of the painters at three different moments: (1) at the 
exact moment when they started painting [top wall], (2) at 
an intermediate stage of the process [center wall], and (3) at 
the exact moment when the painting job was completed [bot-
tom wall]. Figure 3 illustrates two different ways in which 
participants represented the situation model depicted by 
the problem text. Once the time allotted to this activity had 
elapsed, participants were given 5 min to solve the problem 
by any means.

The procedure followed by the idealized-simulation group 
was identical to that of the concrete simulation condition, 
with the difference that the manipulatives used during the 
simulation were relatively more abstract. While the wall 
consisted of a white 6.37-in. × 1.84-in. rectangle, the two 
painters were represented by 1.6-in. × 0.75-in. grey/black 
paper rectangles.

The procedure followed by the no-simulation group was 
identical to that of the simulation conditions, with the dif-
ference that participants were not asked to simulate the situ-
ation models of the target problem prior to attempting its 
solution.

Data analysis Two independent judges sorted the solutions 
to the posttest (the “collision” problem featuring a balloon 
and an elevator) as either correct or incorrect. Solutions were 
scored as “correct” whenever (1) the result was derived from 
the appropriate formula, and (2) the collision time obtained 
was expressed with at least one decimal position and coin-
cided with the exact solution. Eight participants (five from 
the concrete simulation condition, three from the no-simula-
tion condition, and one from the idealized-simulation condi-
tion) were not able to apply the base solution to the balloon 
problem, and were thus removed from further analyses. Two 
additional judges blind to the purposes of the experiment 
followed the above criteria to score participants’ solutions to 
the target problem. Judges reached 94% agreement regarding 
solutions to the balloon problem and 96% agreement regard-
ing solutions to the target problem. Cases of disagreement 
were resolved by discussion.

Results and discussion

The rates of correct solutions to the target problem were 
36%, 79%, and 51% for the concrete, idealized and no-sim-
ulation conditions, respectively. The spontaneous transfer 
rate in the idealized condition was reliably greater than 
those obtained in the concrete, χ2(1, N = 54) = 10.43, p = 
.0012, ϕ = .44, and in the no-simulation conditions, χ2(1, 

Fig. 2  Manipulatives employed for the idealized (top panel) and con-
crete (lower panel) representations of the target problem
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N = 56) = 4.7, p = .0302, ϕ = .29. The rates of spontane-
ous transfer did not differ between the concrete and the no-
simulation conditions, χ2(1, N = 52) = 1.32, p = .2506., ϕ 
= .16. These results indicate that idealized representations 
were more advantageous than concrete representations for 
eliciting correct answers to the work problem. In addition, 
the idealized-simulation condition also outperformed the 
no-simulation condition, indicating that there are genuine 
benefits of idealization as opposed to disadvantages due to 
concrete representations.

In a manner similar to the transfer advantage of com-
paring two analogous targets (Gentner et al., 2009), the 
observed advantage of the idealized-simulation group in 
generating correct solutions suggests that there is a general 
advantage of perceptually lean representations for access-
ing analogous situations lacking superficial similarities with 
the target. However, an alternative explanation could be 
that the concrete representations of the painters might have 
invited a dynamical representation that was inconsistent 
with the “convergent” representation that characterized the 
base problems. If the concrete simulation of the painters’ 
activity recruited a “socially laden” representation in which 
the painters advance in parallel fashion (e.g., to talk to each 
other) rather than in the more transfer-appropriate “con-
verging” motion, this idiosyncratic accidental feature could 
have contributed to their inferior transfer performance. In 
order to assess this possibility, we began by sorting par-
ticipants’ representations as “convergent” versus “non 
convergent” according to the way in which they had glued 

the painters onto the three walls that were meant to record 
three informative snapshots of how participants intuitively 
imaged the process as it unfolded over time. To assess the 
relationship between situation model representation and 
performance, we analyzed the production of correct solu-
tions as a function of the type of situation model that was 
generated by participants. Participants using a convergent 
representation were more likely than those using any kind 
of nonconvergent representations to generate appropriate 
solutions to the target problem (95% versus 29%, p < .001; 
Fisher exact test). Even though convergent representations 
had a positive effect on performance, the fact that there 
was a nonsignificant trend toward a greater use of the con-
vergent representation in the concrete simulation condition 
than in the idealized-simulation condition (96% versus 76%, 
p = .056, Fisher exact test) suggests that the advantage of 
the idealized condition in generating correct solutions was 
not based on a higher proportion of nonconvergent repre-
sentations by the concrete condition. Furthermore, the fact 
that a numerically superior proportion of participants in 
the concrete condition produced convergent representa-
tions could be taken to suggest that the net effect of the 
concrete/idealized manipulation might be even higher than 
when considering these two groups at large. If we restrict 
the analysis to the majority of participants who generated a 
convergent representation, the advantage of idealized over 
concrete representations achieves a higher degree of statis-
tical significance than when the groups are considered at 
large (95% vs 38%, p < .001; Fisher exact test).

Fig. 3  Three snapshots aimed at recording how participants construed 
the time course of the situation depicted by the target problem. Left 
panel: Snapshots produced by a participant who represented the situ-
ation model of the target problem in terms of the two painters starting 

at opposite sides of the wall and converging toward an intermediate 
point. Right panel: Snapshots produced by a participant who repre-
sented the problem in terms of the two painters moving in the same 
direction
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Another alternative explanation for the superiority of 
target representations for eliciting correct solutions to the 
work problem could be that the advantage originated not 
in the benefits of our idealized materials for analogical 
transfer (as posited here), but rather in their potential to 
promote a better understanding of the target problem in its 
own terms, thus leading to a higher probability of solving 
the target problem by first principles. According to vari-
ous authors (see Belenky & Schalk, 2014 for a discussion) 
learning is facilitated when representations convey the 
minimum detail that is necessary to grasp the quantita-
tive structure of a problem. As an example, the removal 
of potentially distracting irrelevant features like the qua-
siregular pattern of the bricks or the left- versus right-
handedness of the painters could have helped participants 
pay more attention to aspects of the temporal dynamics of 
the problem that could have been left aside in their approxi-
mate representation (e.g., that each painter has a different 
speed). In turn, this more accurate representation of the 
problem’s situation model could serve as a secure founda-
tion from which to control the accuracy and soundness of 
algebraic manipulations (Minervino et al., 2009).

In order to assess how the concrete and idealized simu-
lations enforced in Experiment 1 impacted the raw prob-
abilities of solving the target problem in a nonanalogical 
fashion, in Experiment 2 the transfer phases of the ideal-
ized, concrete and no-simulation conditions were not pre-
ceded by the presentation of a structurally equivalent base 
analog.

Experiment 2

Method

Participants and design A total of 90 participants (age M = 
19.74, SD = 1.5, 66% male) were recruited from the Depart-
ment of Psychological and Brain Sciences participant pool 
at Indiana University Bloomington. All participants signed 
an informed consent for participation in the study and were 
compensated with course credit. An equal number of par-
ticipants (N = 30) were randomly assigned to the idealized, 
the concrete, and the no-simulation conditions.

Procedure and materials The experimental session was 
introduced to participants as dealing with the effectiveness 
of different instructional aids for solving algebra prob-
lems. It took place after participants completed an unre-
lated experiment on the usefulness of examples during 
concept learning, whose length was roughly equivalent to 
the time taken by participants of Experiment 1 to complete 
the encoding plus distraction phases. During this previous 

experiment, participants were tested on their ability to clas-
sify various instances of negative feedback after receiving 
a definition and different kinds of examples. Upon com-
pleting this previous study, participants received a booklet 
containing the materials of the present experiment. They 
were told that they would be informed in advance how much 
time they would have for carrying out each of the tasks, 
and that they could only proceed to the following page of 
the booklet once the experimenter had notified them that 
the time allotted to the current activity had elapsed. Par-
ticipants were also provided with a pencil, an eraser, and 
an electronic calculator. The session was administered in 
small groups ranging from one to 10, with each participant 
working individually.

Participants of the simulation conditions received the 
painters’ problem coupled with the same manipulatives and 
the same simulation tasks as in the corresponding groups 
of Experiment 1. After completing the simulation tasks, 
they were given 5 min to try solving the problem by what-
ever means. The procedure followed by the no-simulation 
group was identical to that of the simulation conditions, with 
the difference that participants were neither provided with 
manipulatives nor invited to simulate the situation model of 
the problem prior to attempting its solution. Coding of cor-
rect solutions followed the same criteria as in Experiment 
1, with judges reaching total agreement.

Results and discussion

The rates of correct solutions to the target problem were 
37%, 30%, and 33% for the concrete, idealized, and no-
simulation conditions, respectively. The rate of correct 
solutions in the idealized condition did not differ from that 
obtained in the concrete condition, χ2(1, N = 60) = 0.3, p 
= .5839, ϕ = .07. Similarly, differences were neither found 
between the no-simulation and the idealized-simulation 
conditions, χ2(1, N = 60) = 0.08, p = .7773, ϕ = .04, nor 
between the no-simulation and the concrete-simulation con-
ditions, χ2(1, N = 60) = 0.07, p = .7913, ϕ = .03. These 
results fail to support the idea that idealized simulations 
elicit a deeper comprehension of the target problem, so as to 
facilitate finding an appropriate solution by first principles. 
In order to confirm that the advantage of idealized over con-
crete simulations observed in Experiment 1 still holds when 
eliminating an effect of the concrete/idealized manipulation 
on solving the target problem by first principles, we car-
ried out a logistic regression model with type of simulation 
(idealized versus concrete) and availability of a base analog 
(present versus absent) as fixed factors and correctness of 
the solution as the dependent variable. As predicted, the 
model revealed a significant interaction between these fac-
tors, Z = −2.68, p < .01. This interaction confirms that the 
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advantage of idealized simulations observed in Experiment 
1 was not the result of a better comprehension of the tar-
get problem, but rather of an advantage for transferring a 
solution procedure from a previously learned problem to a 
superficially dissimilar target.

The present results are compatible with Gentner et al.’s 
(2009) late abstraction principle, which postulates that just 
as abstracting the base analog can be beneficial for later 
analogical retrieval (i.e. forward transfer), interventions 
aimed at highlighting the structure of the target can enhance 
the retrieval of superficially dissimilar base analogs whose 
encoding was not intended to emphasize their structural fea-
tures. It should be noted, however, that the perceptual nature 
of our concrete versus idealized manipulation is somewhat 
different from the “conceptual” abstraction induced by 
Kurtz and Loewenstein (2007) or Minervino et al. (2017), 
and computationally simulated by Gentner et al. (2009). 
In the above studies (see Trench & Minervino, 2017, for a 
review), the domain-specific elements of the original prob-
lems (e.g., “destroy a tumor”) are, by hypothesis, replaced 
by more domain-general expressions (e.g., “neutralize a 
central target”), which could promote distant retrieval in 
at least two different ways: (1) by granting greater relative 
weight to the relational predicates of target representations, 
and (2) by decreasing the retrieval of superficially similar 
disanalogs that could outcompete useful base situations 
with dissimilar surface features but similar structure. The 
fact that we obtained similar results by means of remov-
ing perceptual detail from the target representations sug-
gests a subtle parallel between the abstraction process that 
takes place in tasks like problem comparison or problem 
construction and the kind of idealization induced by our 
perceptually lean representations of the target problem’s 
situation model. Akin to the advantage of abstract retrieval 
cues in the MAC/FAC simulations of the late abstraction 
principle, the observed advantage of idealized simulations 
of the target analog might have originated in their tendency 
to be, on average, perceptually more similar to the superfi-
cially dissimilar base analogs compared with their alterna-
tive concrete representations, as well as in their being less 
likely to evoke superficially similar disanalogs that could 
outcompete the base analog. The present results thus con-
tribute to enlarging the empirical basis of the late abstrac-
tion principle, while at the same time broadening its scope 
so as to include a perceptual dimension that has not been 
thus far discussed in the literature. In a nutshell, the deep 
commonality between a stored and current situation can be 
accentuated by two possible encoding strategies applied to 
the current situation. Either the deep features the current 
situation shares with the stored situation can be highlighted, 
or its unique, superficially dissimilar features can be deem-
phasized. Our experiments show the promise of the latter 
approach.

A computational framework for integrating 
effects of base and target encodings 
on transfer

Previous results show that encodings of base situations that 
idealize perceptual representations by stripping out details 
specific to the base analog increase the probability of trans-
fer to a superficially dissimilar target situation (Goldstone & 
Sakamoto, 2003; Kaminski et al., 2008). The current results 
show a similar benefit for idealizing the target situation. 
To better understand the basic cognitive mechanisms that 
might underlie both of these effects, we propose a simple 
mathematical model of transfer that is based on sampling 
and comparison processes, hence called SampComp. In 
SampComp, we assume that a base scenario in memory has 
features in it that can be used to help solve an analogous 
target problem. The problems share features related to their 
underlying mathematical solution, but also have unique fea-
tures including situation-specific details. Features from both 
the remembered and current situations are sampled, under 
the assumption that the situations are too complex to com-
pletely encode, and aspects of the base situation may also 
be forgotten. Once features are sampled from the base and 
target, these samples are compared in order to determine 
their overlap, which is assumed to be proportional to the 
probability that the base’s known solution will be applied 
to the target. Thus, SampComp computes the probability 
that a base problem’s known solution will be applied to a 
new problem as a function of the amount of overlap of their 
features, both superficial and deep. SampComp provides an 
integrated account based on a well-supported sampling pro-
cess (Chater et al., 2020; Thai et al., 2016) for how different 
encodings of bases and targets can affect transfer outcomes.

One reason for the choice of feature-based representations 
in SampComp is to remain agnostic about the representa-
tions and the processes that operate over those representa-
tions. SampComp features subsume both attribute and rela-
tion entities in structural alignment models such as MAC/
FAC (Forbus et al., 1995). This means that we do not have 
to decide whether a situation is properly represented, for 
example, as Fly (plane) or Fly-Through (plane, air). Within 
SampComp, all relations can be understood as having been 
compiled into single features for the purposes of sampling. 
This is an advantage in that it is often hard to tell whether a 
given aspect of a problem should be represented as an attrib-
ute or a relation. While this has the advantage of simplify-
ing problem comparison, it means that SampComp does not 
provide an account for aligning structured representations 
(Gentner, 1983) nor for different entities being differentially 
important for retrieval and inference (Gentner et al., 1993). 
SampComp does not engage a structural alignment process 
when it compares a target to items/situations previously 
stored in memory in the sense of first aligning relations and 
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then recursively aligning matching arguments to those rela-
tions. Rather, it simply matches “flat” feature representa-
tions, under the assumption that the features could involve 
sophisticated construals of a situation. SampComp provides 
a process account of how benefiting from early examples is 
based on sampling their features when presented with later 
problems, However, it does not provide a detailed account of 
retrieval, adaptation, alignment, or inferential cognitive pro-
cesses. SampComp just calculates the probability of apply-
ing the base’s solution to the target without having separate 
retrieval and alignment stages as does MAC/FAC.

The first encountered base situation has Bs deep features 
shared with the analogous Target T (e.g., “expressing an 
agent’s total production as their production rate x time”, 
“convergence of two agents”, or “adding agents’ productions 
to determine total production”), and Bu unique, situation-
specific features (e.g., “plane”, “helicopter,” “vehicle speed,” 
or “flying machines”). The target situation likewise has Ts 
shared plus Tu unique features such as “painters,” “home 
improvement,” or “work rate.” Subsets of these features are 
sampled to create base and target encodings. First, a sample, 
called Bt, is formed out of Bk features randomly selected 
from all of the base analog’s features, without replacement. 
Then, Tt, a subset of Tk features, is taken from all of the 
target’s features without replacement, possibly weighted to 
tend to sample features already sampled from the base. The 
purpose of this weighting w is to capture the notion that if 
somebody remembers a feature of the base analog, then they 
may be biased to look for that feature in the target. If w = 
1, then all features of the target are equally weighted, and 
if w > 1 then there will be a bias to sample features of the 
target that were noticed and remembered from the base. The 
likelihood of transferring the solution known for the base to 
the target is given by

By this equation, the probability of transferring the solu-
tion is bound between 0 and 1, and increases to the extent 
that the number of shared features sampled from both the 
base and target is plentiful relative to the total number of 
features, both shared and unique, comprising the base and 
target samples.

Figure 4 shows the results averaged from 1000 simula-
tions of SampComp, with Bs = Ts = 50, Bk = 20, Tk = 35, 
and w = 5 (R code to run the simulations can be downloaded 
from https:// pcl. siteh ost. iu. edu/ rgold sto/ lateA bstra ction.r). 
Tk > Bk reflects that more features from the target are likely 
to be available for the comparison because it is immediately 
in front of the learner, whereas the base may be partially 
forgotten. For each simulation, Bu was assigned each value 
in {0, 5, 10, 15, 20}. For idealized and concrete targets, Tu 

(1)p(T) ∝
Bt ∩ Tt

Bt ∪ Tt
.

was set equal to 5 and 15, respectively. Several important 
trends are shown in Fig. 4. First, as the base analog contains 
more unique features, the probability of transfer decreases. 
In this account, idealizing base situations promotes transfer 
by reducing the number of situation-specific features that 
are absent in the target. Second, unique features in the target 
also decrease transfer probability. Decreasing unique target 
features increases the ratio of common to distinct features 
in the base and target, and is, by hypothesis, what occurs 
when detailed, concrete graphical depictions are idealized. 
Third, there is a small but significant interaction between 
base and target idealizations such that target idealization 
is more beneficial when the base is also idealized. This is 
shown in Fig. 4 by the difference between red and blue lines 

Fig. 4  Results of SampComp simulations. Idealizing either the base 
or target is assumed to decrease the number of their unique features. 
In the weighted version of the sampling process, a feature of the tar-
get is more likely to be sampled if it has been sampled/remembered 
for the base. The probability of a problem solver applying the base 
problem’s solution when shown a new problem is assumed to be 
proportional to their shared features divided by their total features. 
(Color figure online)

https://pcl.sitehost.iu.edu/rgoldsto/lateAbstraction.r
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being greater on the left than right side. This interaction 
points to the promise of exploring interventions in which 
both base and targets are idealized. Fourth, transfer prob-
ability is higher if the features of the target are more likely to 
be sampled when they are also noticed in the base. In Fig. 4, 
this is shown by the triangle-tokened (weighted) lines being 
above the circle-tokened (unweighted) lines. This suggests 
a third way to promote transfer—by encouraging learners 
to interpret a target situation in accord with the features that 
they have extracted from the base. It could be argued that 
an explicit comparison involving a target analog (Kurtz & 
Loewenstein, 2007) encourages exactly this kind of biased 
interpretation. Fifth, whether idealization is more effective 
for the base or target scenario strongly depends on whether 
weighting of target features occurs. In Fig. 4, this is shown 
by the much steeper slope for the weighted than unweighted 
conditions. If all features of the target are equally likely to be 
sampled, then it is slightly better to idealize the target than 
base (because the target has more features sampled from it). 
However, if the target’s features tend to be sampled when 
they were remembered and noticed in the base, then it is 
much better to idealize the base than target. Sixth, ideal-
izing the target has less benefit when the target’s encoding 
is weighted by the base’s encoding. In Fig. 4, this is shown 
by the two circle-tokened (unweighted) lines being closer 
together than the two triangle-tokened (weighted) lines. This 
makes the prediction that the pedagogical stratagems of tar-
get idealization and explicit comparison may be sub-additive 
in their benefits when combined.

This simple model provides an integrated account of the 
comparative benefits of idealizing base and target scenarios, 
as well as of benefits for explicit comparisons between the 
base and target. It also can explain benefits of prior knowl-
edge for transfer under the assumption that people who 
know more about mathematics will tend to represent the 
base and the target in terms of their shared features. For 
experts, Bs and Ts will be large, and, consequently, so will 
the intersection of their sampled features. Adding a greater 
delay between base and target problems could be modelled 
by decreasing Bk, thereby making one’s memory for the 
base problem sparser. Problem difficulty could be modeled 
by making Ts smaller for harder target problems, under the 
assumption that solving the target problem is easier when 
the deep features shared by the base and target are salient. 
Consistent with the notion of progressive alignment, the 
probability of applying a base problem’s solution increases 
as the number of shared features Bs and Ts increases, includ-
ing both superficial and deep features (Gentner et al., 2007). 
SampComp does not have a built-in learning mechanism and 
so does not predict that early overall base-target similar-
ity promotes subsequent emphasis on deep commonalities. 
However, it would be natural to postulate increases to Ts 
with increasing learning and expertise. The model makes 

predictions for super-additive benefits of idealizing both the 
base and target representations, and sub-additive benefits for 
combining target idealization with instructions to explicitly 
compare the target to the base. These predictions could be 
empirically tested in the future.

General discussion

Across two experiments, we obtained evidence that remov-
ing irrelevant perceptual detail from the situation models 
of target problems increases transfer from structurally 
similar problems with mismatching superficial features. 
Experiment 1 revealed that idealized simulations elicited 
a higher rate of correct solutions to the target problem, as 
compared with concrete or no simulations. Together with 
a qualitative analysis of participants’ representations, a 
follow-up experiment confirmed that the observed increase 
in correct solutions originated neither in the promotion 
of transfer-inappropriate target representations by the 
concrete simulations, nor in an enhanced ability of ideal-
ized simulations to facilitate solving the target problem 
by first principles, that is, without the need to export a 
solution strategy from a base analog. The present results 
bear implications for current theorization about the com-
putational substrate of analogical reasoning, as well as for 
educational practices aimed at alleviating the problem of 
inert knowledge.

Implications for current theories of analogical 
transfer

As stated in a previous section, the current results add to a 
still narrow set of studies demonstrating the psychological 
reality of the late abstraction principle (Gentner et al. 2009), 
which posits that just as abstracting the structure of stored 
items renders them more retrievable during the processing 
of superficially dissimilar analogs, abstracting the target 
items at the time of retrieval should likewise increase the 
retrieval of superficially mismatching analogs from LTM. 
In terms of psychological representations and their associ-
ated processing, one key feature that differentiates the pre-
sent results from those of Kurtz and Loewenstein (2007), 
Minervino et al. (2017) or D’Angelo and Trench (2020) 
consists in the nature of the abstraction process being pro-
moted. While the above studies centered on the removal 
of conceptual predicates of the sort that are incorporated 
into retrieval algorithms running on propositional repre-
sentations, the kind of surface information removed by the 
present manipulation is more perceptual in nature. Hence, 
the present results support a broader conception of the late 
abstraction principle, generalizing its effects to the removal 
of surface-level information.
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Much of the excitement over target elaborations stems 
from the possibility of retrieving base analogs learned 
under conditions that were not conducive for highlighting 
their abstract features. If the encoding specificity hypothesis 
applied, however, any advantage of distilling abstract or ide-
alized representations of the target would be limited to maxi-
mizing the retrieval of stored representations whose initial 
encoding had already emphasized those same features (Tulv-
ing & Thompson, 1973). Even though participants were not 
encouraged to distill the abstract structure of the base prob-
lem, their spontaneous encodings of the base problem might 
have ranged from very shallow to very deep, especially when 
taking into account the effects of being reminded of the base 
problem during its application to a similar episode (for a 
more detailed elaboration on the role of remindings in gen-
eralizing across analogous problems, see Ross & Kennedy, 
1990). Hence, it could be argued that the effects of this and 
other elaborations of the target problem (e.g., D’Angelo & 
Trench, 2020; Kurtz & Loewenstein, 2007; Minervino et al., 
2017) were only able to aid retrieval in those cases where the 
base analog happened to receive an abstract encoding akin to 
the one generated later during the processing of the target.

As will be discussed below, there are several ways in 
which a base analog can be suboptimally encoded, and yet 
become more easily retrievable as a result of a more abstract 
representation of the target. One slightly suboptimal way of 
encoding the base analogs could include its unabstracted 
relational structure plus specific surface features, as opposed 
to the combination of relational structure plus little or no 
superficial aspects. To the extent that the architecture of 
algorithms like SampComp or MAC/FAC resemble our 
memory systems in meaningful ways, then the removal of 
irrelevant detail from the target representation should suf-
fice to augment the retrieval likelihood of the above kind of 
“suboptimally” encoded base analogs, either by diminishing 
surface competition or via increasing the relative weight of 
relations. Target elaborations such as problem comparison, 
problem construction or perceptual idealization could there-
fore suffice to aid the retrieval of this kind of base analog.

Even in those cases where participants are naturally 
inclined to distill a more abstract representation of the situ-
ations they confront, the subceiling performance of inter-
ventions aimed at fostering an abstract encoding of the base 
analogs suggests that participants do not always encode the 
relational structure of the base in ways that will neatly match 
the structure of the particular target they will have to solve. 
To illustrate with base and target problems widely used in 
this empirical tradition, a proportion of participants might 
spontaneously encode the goal of capturing the fortress as 
an instance of “overpowering an object with a force,” a rep-
resentation that could later be useful to characterize the goal 
of destroying the tumor with rays in the radiation problem. 
But now consider that instead of confronting the radiation 

problem, participants had to figure out how to bring a cer-
tain amount of water to a town subject to the restriction 
that sending such an amount of water through either of the 
available canals alone would flood the surrounding lands. 
For this particular problem, it would have been more help-
ful to generalize the goal of capturing the fortress as a case 
of, say, “carrying a resource to a destination.” There are 
numerous ways to encode exemplars (Hofstadter & Sander, 
2013; Markman & Ross, 2003), and people can hardly guess 
which one will best fit a target problem that they do not yet 
know. Even in cases like the above, idealizing the target can 
still provide benefits for connecting the target and the base.

The SampComp model predicts that efforts made to ideal-
ize the target will be particularly beneficial when the base 
is relatively idealized as well, but will always confer some 
benefit.

 To illustrate this point with our experimental materials, 
as the shapes of target elements become more idealized, they 
become more similar to any objects in the base analogs com-
pared with the original, non-idealized objects of the target. 
The idealized rectangles standing for the original painters 
are more similar to the vehicles of the collision problem than 
were the more realistic representations of the painters. In 
SampComp, this would be modeled by painters having more 
distinctive features relative to vehicles than do rectangles.

Taken more broadly, the present results also contribute 
to a growing literature stressing a continuity between con-
ceptual and perceptual processing (Goldstone et al., 2017). 
With a few exceptions (e.g., Catrambone et al., 2006; Clem-
ent, 2008; Goldstone & Sakamoto, 2003; Grant & Spivey, 
2003) the theoretical, computational, and even behavio-
ral approaches to analogical retrieval have nevertheless 
remained reluctant to incorporate a perceptual dimension. 
By revealing uniform effects across conceptual and per-
ceptual idealization, the present results serve as a bridge 
between the representational assumptions embraced by 
mainline analogy research and those that characterize other 
relevant expressions of complex cognition.

Implications for instruction

Beyond their relevance for theoretical models of analogi-
cal retrieval, the present results have implications for the 
design of interventions aimed at fostering a flexible use of 
learned contents. The fact that asking participants to carry 
out idealized simulations led to higher solution rates than not 
requiring them to perform any kind of simulation indicates 
that the superior performance of the idealized condition was 
not based on a negative influence of concrete simulations.

More importantly, the activity of constructing idealized 
representations of the target overcomes important limita-
tions of previous instantiations of the late abstraction prin-
ciple. With regards to Kurtz and Loewenstein’s (2007) 
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target-comparison intervention, an important shortcoming 
had to do with the need to provide participants with a second 
analogous target for every problem to be solved by analogy. 
Even though Minervino et al.’s (2017) target-construction 
intervention was not subject to this crucial limitation, only 
a small proportion of participants were able to generate an 
isomorphic problem in their experiment. In contrast to the 
above instantiations of the late abstraction principle, the 
cognitive strategy assessed in the present study can be inde-
pendently implemented by a great majority of participants.

As in other studies of analogical retrieval, one limitation of 
the present research concerns the exclusive deployment of a 
single set of base and target situations, thus limiting the gen-
eralizability of the present instructional intervention to other 
problems. One important reason behind the employment of 
narrow sets of materials in studies dealing with spontane-
ous retrieval is the fact that once a participant has acknowl-
edged a link between the learning and the transfer phases, it 
becomes impossible to assess whether said participant will 
react to another target situation by spontaneously noticing the 
relevance of other base situations learned during the same 
experimental session. Despite the large effects observed in 
Experiment 1, other limitations of the present study concern 
the lack of a replication study with a larger sample, as well 
as an assessment of whether the idealization strategy induced 
by the present procedure could be exercised in a fully autono-
mous manner by students taking part in real-world classroom 
settings. Future studies should assess whether the observed 
advantage of perceptual idealization can be amplified by a 
deliberate disposition to recall analogous situations (see e.g., 
Trench et al., 2016), and whether it generalizes to other edu-
cationally relevant activities such as generating explanatory 
hypotheses or communicating complex ideas to others.  

Appendix

Worked solution to the base problem

Problem: A plane flies at 600 mph, while a helicopter flies 
at 100 mph. Imagine that the plane starts flying from City A 
to City B at the same time that the helicopter departs from 
City B to City A. How long will it take them to pass each 
other, if the cities are 2,000 miles apart?

Building an approximate visual representation of how 
the situation unfolds over time can suggest possible ways of 
finding a solution. We can begin to build such a representa-
tion by locating the two cities at different ends of a straight 
line representing their spatial separation:

Next, one can imagine that for every 600 miles advanced 
by the plane per hour of travel, the helicopter will have 
advanced 100 miles in the opposite direction. At the moment 
they meet, the sum of the distance traveled by the plane dur-
ing time t (the unknown) and the distance covered by the 
helicopter during time t will equal 2,000 miles:

Given that distance = speed × time, we have:

Answer: The helicopter and the plane will take 2.86 hours 
to pass each other.
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